Abstract. The Blasius equation subject to three-point boundary conditions, describing the interaction between two parallel streams, is solved by way of a series in terms of ascending powers of the ratio X = (u, -u2)/ul , where the u{'s are the outer streams' velocities.
t" erfc (77) are derived.
The first three approximations to the Blasius function and to its first two derivatives are also presented in tabulated form with four significant figures. Test on the convergence of the series has been made by comparison with some exact solutions obtained by high speed computing machine. The comparison, extended to the physically essential quantities, shows that: (1) The Blasius function itself is slightly less accurate than its second and first derivatives. (2) Two terms of the series for X up to 0.5 and three terms for X up to 0.7 yield extremely accurate results. The errors in the first two derivatives of the Blasius functions are always contained within less than one per cent. 1. Introduction. The solution of the Blasius equation with three-point boundary conditions has per se a considerable academic interest. The availability of closed form solution has, however, become a practical necessity in view of the recent findings which have shown the essential and unique role played by this equation in isobaric mixing flows. It can indeed be said that all the types of plane two-dimensional interactions between two streams are governed by the Blasius equation with three-point boundary conditions.
The reducibility of the basic Prandtl equations to the Blasius equation with pertinent boundary conditions was first shown by Gortler [1] ** for the laminar incompressible mixing of uniform streams and, subsequently [2] , for the turbulent case also. The present author showed [3] that the same happens for the compressible laminar case. A recent investigation by the present author [4] has also brought forth some evidence of an empirical correlation existing between turbulent and laminar compressible mixing. It was found that, under the assumption of a unitary turbulent Prandtl number, the velocity profiles are considerably independent of Mach numbers and density ratio and
•Received December 19, 1957. This work was sponsored in part by the NACA under Contract NAw 6480. Some of the results have appeared in Ref. [9] which was issued in a limited number of copies not for circulation.
♦♦Numbers in brackets refer to the bibliography at the end of the paper.
• can therefore be deduced from the solution of the Blasius equation. This statement has an even larger implication insofar as it applies whenever the density ratio can be given a parabolic dependence on the velocity ratio. Thus the field of application of the Blasius function is widened to include a large variety of interactions between streams of different gases [5] . Solutions of the Blasius equation are furthermore needed in problems of laminar and turbulent mixing of non-uniform constant vorticity streams. These problems are solved by means of a series solution in terms of the "vorticity numbers": the zeroth order terms is the Blasius function and the coefficient of the equations for the higher order terms are all functions of the Blasius function and its derivatives [6] .
The present paper is mainly concerned with the solution of the Blasius equation and not with its derivation for which reference is made to the pertinent literature. The solution is obtained as a series in terms of the parameter X = («i -u2)/ul . The first three terms (up to X3) are given in explicit closed form and in tabulated forms. Owing to the complicated nature of the terms of the series, its convergence could not be formally established. The results of the present method are, however, compared with some exact solutions obtained by high speed computing machine calculations.
In the course of the mathematical treatment there often appeared successive repeated integrals of the complementary error function (symbolically indicated by F erfc ??) and successive repeated integrals of the square of the functions i* erfc 17. As this feature is common to a large variety of physical problems which can be reduced to extended heat conduction type of equations, a summary study of those functions is presented in Appendixes A and B. Formulae necessary to compute the values of i" erfc (-57) in terms of the already tabulated values (up to n = 11) of 1 erfc rj are developed. A recurrence formula is established for the functions fV erfc 17 defined as the successive integrals of the functions (in erfc r/)2. Finally relationships giving the functions jT erfc 77 in terms of the functions ? erfc 77 are derived which afford a rapid evaluation of the functions themselves.
This work is part of a program of investigation on mixing phenomena carried out at the Polytechnic Institute of Brooklyn under the supervision of Prof. Antonio Ferri.
2. Solution of the Blasius equation. The equation to be solved is /"' + 2//" = 0
and it is subject to the following three-point boundary conditions
f-»+oo f-»-00
Quantities related to the mixing of two streams are expressible in terms of the function /(f) and its derivatives as follows
In these equations x and y are space coordinates whose origin is taken to be at the point where the interaction begins, u and v are the corresponding velocity components, \p is the stream function defined by« = ^;(i= -\p0 and v is the kinematic viscosity coefficient. The quantity k is an arbitrary constant whose presence follows from an interesting property of the Prandtl boundary layer equations. These equations are invariant under the transformation Vi = y + s(x),
Asymptotic boundary conditions on the s-component of the velocity remain also unchanged while boundary conditions on the ^-component are changed. The mathematical implication of this fact lies in the freedom of choosing arbitrarily the third boundary condition for the Blasius equation. The physical implication is the resulting indeterminacy of the wake orientation insofar as the transformation back into the physical plane cannot be performed unless k is known. Additional physical considerations, such as the one suggested by von Karman that a free wake be acted upon by a zero resultant force in the ^-direction, will uniquely determine this constant k and thus will fix the orientation of the wake. The solution herein presented relates to a wake whose streamline through the origin satisfies the equation y = -2k(vx/ul)1/2.
The following series solution of Eq. (1) in ascending powers of X is sought / = Z XV.
• (5) « Equation (5) is substituted into Eq. (1) and the coefficients of the successive powers of X are set equal to zero. The zeroth order approximation must satisfy the following equation
MO) = 0.
The pertinent solution is /0 = f and it corresponds, physically, to zero mixing. The equation for the first approximation is, by taking the zeroth order solution into account 11" + 2f/r = 0 (8)
The solution of Eq. (8) is
Finally, the ith approximation (i > 2) must satisfy the equation
where the i2,-(f) are functions, at most, of the (i -l)th solution and are given by
h-0
Equation (11) Of these functions only the first ones, usually referred to as repeated integrals of the complementary error function, have been studied. Hartree [7] has shown some of their properties and applications and, more recently, Kaye [8] has tabulated them, up to the eleventh repeated integral, for positive value of the argument. The functions i erfc ( -y) are considered in Appendix A wherein their expressions in terms of the functions z" erfc rj and their asymptotic behavior are presented. A summary study of the functions jm? erfc t] is given in Appendix B. Therein the existence of a recurrence formula is proved and expressions relating the functions jT erfc (±jj) and Tm"{±rj) to the repeated integrals of the error function are given.
If simplified notation such as 
. The first three approximations to the functions /(f), /'(f) and /"(f) have been computed to six significant figures. Values of /,(f), /{(f) and /"(f), (i = 1, 2, 3) are tabulated in Tables 1 and 3 ii) /"(0), (proportional to the shear stress along the z-axis); iii)
[f/' -/], (proportional, for fc = 0, to the ^-component of the velocity at the edges of the wake).
Values obtained from the exact solutions and from the first, second and third approximations to the function /(f) are listed in Table 4 . The following comments are proper:
(1) The best agreement is obtained for /", followed, in order, by /' and /.
(2) The accuracy decreases with X and, for a given X, is greater for f large than for I -f I large. 
It is desired to express these functions in terms of the repeated integrals of the error function.
The relationship is immediate for the two particular cases: n --1 (to any positive integers) and to = 1 (n > 0).
Indeed when to = 1 and n = -1, it is by definition ji ' erfc 77 = |j^T72 e ''J dt, In deriving Eq. (B6), the following identity j-'i" erfc v = -4-(»" erfc t,)2 = 2i" erfc rtr?~l erfc r, (B7) at] which constitutes an obvious extension of the definition (Bl) to the case m = -1, has been taken into account.
In the most general case use must be made of a recurrence formula. This formula can be derived by successive and repeated integration by parts of Eq. when n -m = 2h.
